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Parametric Identification of Nonlinear Structural Dynamic
Systems Using Time Finite Element Method

Rakesh K. Kapania*and Sungho Park '
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

The time finite element method (TFM) is employed for parametric identification of nonlinear structural dynamic
systems. An advantage of TFM is the ease with which one can calculate the sensitivity of the transient response with
respect to various design parameters, a key requirement for gradient-based parameter identification schemes. The
method is simple, because one obtains the sensitivities of the response to system parameters by differentiating the
algebraic equations, not original differential equations. These sensitivities are used in the Levenberg—Marquardt
iterative direct method to identify parameters for nonlinear single- and two-degree-of-freedom systems. The mea-
sured response was simulated by integrating the example nonlinear systems using the given values of the system
parameters. The accuracy and the efficiency of the present method are compared to a previously availableapproach
that employs a multistep method to integrate nonlinear differential equations. It is seen, for the same accuracy,

that the present approach requires fewer data points.

Nomenclature
a = linear term in variational formulation
B = bilinear term in variational formulation
P = system parameters
q = generalized coordinates
To = initial time
T, =finaltime
= column vector
i; = row vector
Introduction

HERE is considerable interest in the control of transient re-

sponse of structures under external disturbances. The design
of the control system is made difficult by the fact that simple analyt-
ical models that often are used in the design phase are not adequate
for the controller design. Identification techniques are used to de-
termine the system parameters to accurately determine the system
model that can be used for controller design. Although a number
of studies are available for the identification of linear systems, only
a few such studies are available for nonlinear systems. These in-
clude methods based on the method of multiple scales, iterative and
noniterativedirect methods, and state-space mappings. A review of
the nonlinear system identification used in the structural, mechan-
ical, and control engineering is given by Natke et al.! Their focus
was on the detection of nonlinearities, the formation of mathemat-
ical models, and techniques for parameter identification. Some of
the identification techniques for nonlinear systems currently being
used are linear realization theory, statistical linearization, and the
use of extended Kalman filter.

Batill and Bacarro? identified the parameters in a highly nonlin-
ear differentialequation governing the motion of an aircraft landing
gear. The identification process involved relating the variation of
the equations in the state variables to the corresponding equations
dealing with the initial conditions. The variation of the error func-
tion is then made to vanish via changes in the parameters, which are
treated as state variables,along with the displacements and velocity
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of the system. Mook® developed a technique for processing noisy
state-observable,discretetime-domainmeasurements of a nonlinear
dynamic system to estimate both the state trajectory and the model
error through satisfaction of a covariance constraint. Using a num-
ber of examples, he showed that the method is capable of identifying
unknown model parameters based on a least-squares formulation.
Normannand Kapania* presenteda method that was based on single-
and multiple-stepmethods of integratingnonlineardifferentialequa-
tions. The system parameters for a number of examples were de-
termined using the iterative direct method. Most recently, Hamel
and Jategaonkar® presented a review of the successful applications
of various system identification techniques to identify parametric
models for flight vehicles. The present aircraft parameter estimation
is mainly categorized into three parts, namely, instrumentationand
filters, flight test techniques,and analysis of flight data. The methods
of data analysis used for the aircraft parameter estimation include
the equation error method, the output error method, the filter er-
ror method, and neural-network-basedmethods. They demonstrated
the successfulapplicationof system identification methodologyto a
broad range of flight-vehicle modeling problems using the selected
examples.

Most of the system identification methods are based on mini-
mization of the square of the error between the measured response
and that of the identified model. This is the classic least-squares
approach in which the error is minimized by treating the problem
as an unconstrained optimization problem. Most of the algorithms
for solving unconstrained optimization problems require sensitivity
of the response with respect to various system parameters. These
sensitivities are often obtained using either finite difference or by
solving a large set of differential equations. In this paper, an alter-
native approach, based on the time finite element method (TFM), is
employed to identify a series of single-degree-of-freelom and one
two-degree-of-freedomnonlinear systems.

The TFM, introduced by Argyris and Scharpf,® discretizes time
into a number of finite elements and the response history over each
element is expressed in terms of basis functions in the time coor-
dinate. The transient response can be determined by solving a set
of linear algebraic equations in the case of linear systems and a
set of nonlinear equations for the case of nonlinear systems. An
important development in the evolution of TFM was a series of pa-
pers by Bailey’"!* in which the author pointed out the need for
applying Hamilton’s law of varying action, briefly, Hamilton’s law,
not Hamilton’s principle, in solving problems in elastodynamics.
Using Hamilton’s law, Bailey used the classic Ritz method, with
simple polynomials as the basis functions, to study elastodynamic
response of beams. In 1988, Peters and Izadpanah!! offered a bi-
linear formulation of elastodynamics as an alternative source to
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develop approximate methods to solve initial value problems. Us-
ing the proposed augmented bilinear formulation and the 4-, p-,
and the /ip-versions, they solved a number of examples related to
dynamic response of linear systems. The method has emerged as a
viable method to solve initial value problems.

Kapania and Park,'? in a recent study, extended the bilinear for-
mulation suggested by Peters and Izadpanah for linear undamped
systems to linear and nonlinear damped systems. In addition to the
transient response calculations, the TFM is natural for obtaining
the sensitivity of the transient response of linear and nonlinear and
damped and undamped systems, because the sensitivities can be
obtained easily by performing direct differentiationof the algebraic
equations resulting from the application of the TFM. The proposed
approach for obtaining the sensitivity is simpler than that of the di-
rect differentiation approach because, in the TFM, differentiation
of the algebraic equations and not that of the original differen-
tial equations is performed. An advantage of the present method
over the finite difference approach, the most common way to find
the sensitivity, is that one does not need to performa convergence
study to select an appropriate step size for obtaining the sensitivi-
ties. Also, the method can be applied as a step-by-step procedure,
thereby avoiding the need for dealing with large matrices.

The TFM, along with the iterative direct method,'? is applied to
a number of nonlinear single- and two-degree-of-freedomsystems.
At first, in parameter identification, an objective function is formu-
lated as a quadraticfunctionalbetween the measured responseof the
given system and the analytic response of the mathematical model.
Then the minimization of the objective function is performedto de-
termine the system parameters. Here we adopt the Levenberg'* and
Marquardt'® method, which involves only first partial derivatives
of the response with respect to various system parameters for the
minimization process. The noise is added to a simulated response
for studying the effects of measurement errors on the identification
procedures. The numerical results are compared with those avail-
able from a previous study by Normann and Kapania* and Kapania
and Normann.'® Considering all of the advantages and the numeri-
cal results, it is clear that the TFM is very much suitable for system
identification.

Time Finite Element Formulation
Bilinear Form for a Linear System
The time finite element discretization,applied to the bilinear form
corresponding to the governing equation for a single-degree-of-
freedom spring-mass-damper system, can be written as (described
in Ref. 13):

)
(¢j(T0)) [u(D)]i=1

Ty . .
By :] (Kyi ¢y + Cyi; — Myid)) di
fo (2)
Ty
Fy;dt

where

ax = Myi(To)i(To) + ] = [i(0))i=1,

To

andi, j are row and column indices, respectively. Also, M, C,and K
are, respectively, the mass, damping, and stiffness coefficients, and
F(t) is the externally applied dynamic load. In obtaining Eq. (1),
the response u(¢) was assumed to be

N
u(t) = Z%‘d’j(t) 3)

where ¢; are the basis functions. Inthis study, Legendre polynomials
(though same results also were obtained using integrated Legendre
polynomials) were employed as the basis functions.

Transient Response of a Nonlinear System

The differential equation describing a nonlinear oscillatory sys-
tem over a given length of time, 7T < ¢ < Ts, may have a general
form:

glu,u,u,1,p)=0 (4)

where g may be nonlinear functions of u and u.
The time finite discretization for Eq. (4) yields a general form:

g(g.p=0 (5)

where p;, k = 1,2,..., K are the K design parameters and the
vector q denotes the generalized coordinates.
Equation (5) can be written as

g=a_Bq=0 (6)

where a is the load vector and B is the nonlinear stiffness matrix
and a function of generalized coordinates q. The most obvious and
direct way to solve Egs. (5) and (6) is by an iterative method. The
iteration is terminated when an error, i.e.,

e= " _g"" )

becomes sufficiently small. Usually some norm of the error is deter-
mined and iteration continues until this norm is sufficiently small.
The stopping criterion is to iterate until

P G .
H e"”” Sg(: 5.0 5107 (®
00
Generally the iteration process for the problems considered in this
paper converged within a small number of iterations using arbitrary

initial guess values.

Transient Response Sensitivity of a Nonlinear System

The sensitivity of the transient response of a nonlinearsystem can
be obtained by taking the derivative of Eq. (5) with respect to py.
After simplification, one obtains

02 | 0% 0q; _

9
Opx aq} aPk ®

Note that from Eq. (9) it is clear that the design sensitivity equation
is linear even though the analysis problem is nonlinear; 0g;/0q;
is called the Jacobian or the tangent stiffness matrix. Because the
vector of generalized coordinates ¢; is already available from the
transient response analysis, the first derivatives of the generalized
coordinates 0q;/ Opy. can be calculated easily by solving Eq. (9):

0z: 1~ 0%
=_|= — 10
[aqj] o (10

In matrix form, the sensitivity equation can be obtained by taking
the derivatives of Eq. (6) with respectto py:

oa; & aB,j l ( l o4,

N
Oa; B, 0B;; iy oqm —0
ap k al’ k 0 qm 0 qm al’ k

(1D
This equation may be written symbolically as

B, a% 0B %
{22 o[ 2y (22
l l aBim %
- { Z( 30, qm) apk} (12)

This reduces to

ol o o

N
aBim
- Bij + qm (14)
Z q;

Applicationsof the aforementionedequationsfor determiningsensi-
tivity of transientresponsesof a large number of linearand nonlinear
problems are given elsewhere.!>

where
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Parameter Identification

Iterative Direct Method

As a first step in parameter identification, an objective function is
formulatedas a quadraticfunctionalbetweenthe measured response
of the given system and an analyticalresponse of the mathematical
model. Then the system parameters can be determined using the
method presented by Levenberg and Marquardt for minimizing the
objective function. To avoid large computationalcosts involved with
obtaining second-orderpartial derivatives with respectto the design
parameters, the method involves only first partial derivatives of the
response with respect to various system parameters.

Objective-Function Formulation
The objective function for a single-degree-of-freedom system is
given as

T

L(p) :] (g —uy)*dt (15)
0

and the same for a two-degree-of-freedom-system is given as

T
L( P) = ] {(ula —ulm)2 + (u2a —7'{2n1)2 }dt (16)
0

where u, and u,,, respectively, denote the time series of the analyt-
ical and measured displacement, velocity, or accelerationresponse;
T is the record length of the measured response; and p is the pa-
rameter vector to be determined. The time series u, is an analytical
solution of the assumed model for the given system. The measured
data u,, were simulated by using given parameters to obtain the
response of the system. Effect of random noise on the identifica-
tion of the parameters also is studied by corrupting the analytical
solution with random noise with varying rms values. The objective
function is minimized by setting the partial derivatives of L with
respect to various system parameters equal to zero. The vector of
first derivativesof L( p) with respectto design parameter py, for the
single-degree-of-frealom system, yields

ALY _ 1" o _ay [ 242) ae (17)
apk 0 apk

Similarly, the vector of first derivatives of L( p) with respectto py,
for the two-degree-of-freedom-system, can be expressed as

o[ L(p)] :] TQ{(ul " )(%)
0

+ (u2a —u2m) ( aau_za) } dr (18)
Pk

Hence, 0u,/dp, for all k are the first-order sensitivity of u, with
respect to kth system parameter. Note that using the TFM, these
sensitivities are obtained by simply solving the set of linear alge-
braic equations and not by solving a large set of ordinary differen-
tial equations as was done in the previous studies. These sensitivi-
ties are obtained by solving the sensitivity equations formulated in
Eq. (13). The time series for u, and 0u,/0p; then are used to mini-
mize the objective function L( p).

Objective Function Minimization by Levenberg—Marquardt Method

Minimization of the objective function L( p) is accomplished by
Newton’s method. If p) denotes the trial values of p after the ith
iteration, then p'+? is obtained as

p(i+1) — p(i) + h(i)AP (19)

where A pis the correction vector and 2 is the step size that is set
equal to one. To calculate the correction vector such that, at each
iteration, the value of objective function L( p) will decrease most
rapidly,a steepest-descent-type procedureis adopted. In general, the
steepest-descent direction is the negative gradient of the function
with respect to the design parameters p; and takes the form

0L OL oL\’
=_{== = ..., = 20
£ {al’l op> apk} (20)

where 0 L/0py is the rate of change of L with respect to the design
parameters p;. The Hessian H of the objective functionis of the form

0 (0L
H=—| — 2D
opi \ Opi
Therefore, the equation for correction vector A p takes the form
HAp=_g (22)

At each iteration, the gradient and Hessian are calculated, and then,
anew vector p’ *V is found. The iteration is terminated when a pre-
defined convergence criterion is met. The gradient of the objective
function L for the single-degree-of-frealom system takes the form

g= 2] T( a”“) (uy _u,)dt (23)
0 a

and the gradientof'the two-degree-of-freedomsystemcan be written

as
T aula au2a
g: 2 (ula —ulm) + (Mza _Mzm) dt
0 opk Opx
(24)

Also, the Hessian for the single-degree-of-freelom system is given
by

TT( ou ou 0 [ ou
=2 a — — u dr (2
He=2f, [(apk)(apz)+apk(apz)("“‘”"’)] L

whereas the Hessian for the two-degree-of-freedomsystem is ex-
pressed as

T ( Ouy, Juyy, 0 [ Ouy,
H= 2 + | = a —Ulm
]0 [( 5pk)( 5111) 5pk( op (10 —tm)

5uza auza 0 au2a
+ + = a — U2m dt 26
( opk ) ( opi ) a[’k( opi ) (t420 — 0 )] (26)

where k, [ are row and column indices, respectively. Equations (25)
and (26)require secondderivativesforthe calculationof the Hessian.
Usually, the calculation of second derivatives requires large com-
putational costs. To avoid these second-derivative calculations, the
Levenberg-Marquardt method is used. In this method, the correc-
tion vector is obtained by solving the following set of algebraic
equations. Specifically, the equation at the ith iteration has the form

[N + 201 A p#” = g” (27)
where
(i) N
i 8k i C i i
gt = +, Ng? = +, Apt" = Ap AN,
\ %;(r) \ %;')N(')
Kk i Vi
(28)
for the single-degree-of-frealom system,
, T ou ,
g =2 P W _u,)dt
0 Opi
(29)

. T ( ou® ou®
N('l) =2 a a dr
0=, (50) (%)

and for the two-degree-of-freedomsystem,

) T au(i) ) au(i) .

(i) la (i) 2a (i)

D=2 =) @) )+ 22 W) _uy,) | de
& ]0 [( Opk ) 1 : Opk ? ?

(30)

) T au(i) au(i) au(i) au(i)
M’) =2 [ ~“la ~la + Z2a ~"2a ] dr
. o L\ 9pc |\ op ope | \ opi

where A is a scaling factor, chosen to increase the size of the cor-
rection vector components if the objective-functionvalue has been
foundto decrease in the preceding step. The value of Ais setas 0.01
initially and changed by a factor of 10 during successive iterations
according to the objective-functionvalues. To obtain A+, AD is
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multiplied by 10 if the objective function has increased and divided
by 10 if the objective function has decreased. After the system is
solved for A p*,

Apt”

i)
ki

Ap, = (3D

each component of the scaled version of the correction vector has
to be scaled back using Eq. (31).

For one of the examples studied here, the conjugate gradient
method!”-!® also was applied to minimize the objective function.

Numerical Results

The performance of the proposed TFM-based approach was eval-
uated by identifying parameters for a number of single- and two-
degree-of-freedom systems. The parameters were identified from
the impulse response (to simulate the measured response) of the
example systems, obtained by using TFM to integrate the nonlinear
system equations with given system parameters. For computational
ease, the impulse excitation was simulated by imposing initial ve-
locity conditions. For all examples studied, all data points were used
to determine the system parameters. However, for one example, re-
sults also were obtained using fewer (50) data points than those
available (100 and 200). This (the use of two different meshes, a
finer one for response generation and a coarser one for parame-
ter identification) often is done in inverse problems to simulate the
fact that the results from a finer mesh will be more representative
(will contain higher-frequencycomponents) of the physical system
and using fewer data points for identification one can evaluate the
robustness of the algorithm.

To simulate noise measurement, randomnoises with differentrms
(5, 10, and 20%) values were generated and added to the simulated
response. The correspondingsimulated corrupted data u,,, are given
byl‘)

am = um(l + I‘) (32)

where r is a uniformly distributed random number, generated by
IMSL subroutine DRNUN, that is scaled and shifted to a range of
(—a, o) by using subroutines DSCAL and DADD. In this study,
was chosenas 0.05 and 0.1 for 10 and 20% noises, respectively. All
computations were performed on an IBM 3090-300E mainframe
computer.

System with Combined Quadratic and Cubic Nonlinearities
Consider a single-degree-of-freedlom system'’:

u(t) + aru(t) + axu(t) + asu(f)? + aqu(r)® = 0, 0<1«5
(33)
u(07) = 0.0 u(07) = 5.0 (34)

for the following two cases of numerical values of the system pa-
rameters:

Case 1)

a) = 10, a, = 250, asy = 01, ay = 0.5 (35)
Case 2)

a) = 10, a, = 250, as = 25, as = 5.0 (36)

For case 1, initial values were chosen arbitrarily as a; = 0.7, a; =
22.5, a3 = 0.5, a4, = 1.0, and as = 3.5; for case 2, the same were
chosenas a; = 0.7,a, = 22.5,a3 = 1.0, a4 = 2.5, and as = 3.5.
Tables 1 and 2 present the numerical results for both cases com-
pared with those given by Normann and Kapania.* Record length
was taken to be 5 s and was divided into 25 and 50 data points. In
case 1, the identified parameter a, shows the worst accuracy when
25 data points of the 20% simulated corrupted data were used. The
accuracy for a4 improved by 70% when 50 data points were taken.
The results for case (2) show a similar trend. For case 1, Figs. la
and 1b present, respectively, the identified responses and the simu-
lated data corrupted with 10 and 20% rms values. Figure 2 shows
the sensitivities of the identified response with respect to system

Table1 Numerical results for the system with combined quadratic
and cubic nonlinearities (case 1)

Parameters ay a as ay as

Initial values 0.7 22.5 0.5 1.0 3.5
Data points = 25

Identified (0%)* 1.00 25.00 0.10 0.50 5.00

Identified (10%) 1.01 24.87 0.25 0.90 5.04

Identified (20%) 1.03 24.74 0.41 1.29 5.08
Data points = 50

Identified (0%) 1.00 25.0 0.10 0.50 5.00

Identified (10%) 1.00 24.99 0.22 0.47 5.00

Identified (20%) 1.00 24.97 0.34 0.45 5.00

Data points = 335°
Identified (0%) 1.00 25.0 0.10 0.50 5.00

Identified (10%) 0.98 25.05 0.12 0.31 4.97
Identified (20%) 0.98 25.10 0.13 0.12 4.94
Exact values 1.0 25.0 0.1 0.5 5.0

2Noise levels in parentheses.  PResults from Normann and Kapania.*

1.0
A — Identified response
10% simulated corrupted data
(50 data points)
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Fig.1a Identified response of the system with combined quadratic and
cubic nonlinearity using 10% simulated corrupted data (case 1).

1.0
A Identified response
. 20% simulated corrupted data
(50 data points)
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0.0 1
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Fig.1b Identified response of the system with combined quadratic and
cubic nonlinearity using 20% simulated corrupted data (case 1).
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Table 2 Numerical results for the system with combined quadratic
and cubic nonlinearities (case 2)

Parameters ay a as ay as

Initial values 0.7 22.5 1.0 2.5 3.5
Data points = 25

Identified (0%) 1.00 25.00 2.50 5.00 5.00

Identified (10%) 0.99 24.99 2.32 5.28 491

Identified (20%) 0.97 24.96 2.11 5.61 4.81
Data points = 50

Identified (0%) 1.00 25.00 2.50 5.00 5.00

Identified (10%) 1.00 25.01 2.61 4.92 5.00

Identified (20%) 1.01 25.03 2.73 4.80 4.99

Data points = 335°
Identified (0%) 1.00 25.00 2.50 5.00 5.00

Identified (10%) 0.98 25.04 2.56 4.79 4.96
Identified (20%) 0.98 25.10 2.62 4.58 4.93
Exact values 1.0 25.0 2.5 5.0 5.0

2Noise levels in parentheses.  PResults from Normann and Kapania.*

Table3 Comparison of numerical results obtained from
Levenberg-Marquardt and conjugate gradient methods
for the system with combined quadratic and cubic nonlinearities,
case 2, 50 data points

Noise level, %
Dk 0 10 20

50 data points selected from population sizes of
50 100 200 50 100 200 50 100 200
Levenberg—Marquardtmethod
ap 1.00 100 1.00 1.00 099 1.00 1.00 098 1.00
ay 25.00 2500 25.00 2496 2498 2501 2492 2496 25.02
ay 250 250 250 256 217 296 261 182 342
as 500 500 500 506 523 490 512 548 4.80
as 500 500 500 500 494 502 501 488 505
Conjugate gradient method
ap 100 100 1.00 1.00 099 1.00 1.00 098 1.01
ay 25.00 2500 25.00 2495 2497 2500 24.92 2495 25.01
ay 250 253 253 260 219 3.0l 267 182 347
ag 500 528 528 534 553 516 534 579 506
as 500 501 501 501 495 503 501 489 505

0.5

—— du/da, by time finite element (At=0.1)
| -——— dusda, by time finite element (At=0.1)

0.4 -

el L
ol ||

itivi

Sens|

(o] 2 4 6 8 10
Time(sec)

Fig.2 Sensitivity of the identified response with respect to a; and a3 for
the system having combined quadratic and cubic nonlinearity (case 1).

parameters @, and a3, respectively. It was observed that the param-
eter a3 converges much slower than the other parameters. This is
because the response is relatively insensitive to a; as compared to
other parameters. Note that Normann and Kapania* used the record
length as 5 s and 335 data points for representingthe measured data.

For comparison purposes, the parameters for this example (case
2) also were identified using a conjugate gradient method. Table 3
presents results from this comparison using 50 data points. These

50 points were selected from population sizes of 50, 100, and 200
data points. The results show that Levenberg—-Marquardt method is
more accurate than the conjugate gradient method in this case. For
noise-free case, the results were not influenced by the population
size, but the results for 10 and 20% simulated corrupted data were.
The inaccuracy of identified parameters for nonlinear terms was
increased with an increase in the population size. Table 4 presents
the results using 100 data points in the simulation. The 100 data
points in the simulation were chosen from population sizes of 100
and 200 data points. The results show a trend similar to that of the
50-data-point case.

System with Linear and Quadratic Damping
Consider a single-degree-of-freelom system with linear and
quadratic damping*:

u(t) + a,u(t) + ayu(t) + asu(t) |it(t)| =0,0< ISS (37)

u(07) = 0.0 u(0t)=15.0 (38)
for the following two cases of system parameters:
Case 1)
a; = 1.0, a, = 25.0, a3 = 0.5 (39
Case 2)
a; = 1.0, a, = 25.0, ay = 2.5 (40)

As initial values, a; = 0.7,a, = 22.5, a3 = 1.0, and a4 = 3.5 were
chosenforcase l,anda; = 0.7, a, = 22.5,a3; = 1.5, and a, = 3.5
for case 2.

Tables 5 and 6 present the numerical results for both cases as
compared to those given by Normann and Kapania.* For case 1, 25

Table4 Comparison of numerical results obtained
from Levenberg—Marquardt and conjugate gradient
methods for the system with combined quadratic
and cubic nonlinearities case 2, 100 data points

Noise level, %

Dk 0 10 20
100 data points selected from population sizes of
100 200 100 200 100 200
Levenberg—Marquardt method
a 1.00  1.00 0.99 0.99 0.99  0.99
a 25.00 25.00 25.00 24.99 25.01 24.99
as 2.50  2.50 2.18  2.89 1.85 3.28
ay 5.00 5.00 503 492 507 4.84
as 5.00 5.00 497 499 494 498
Conjugate gradient method
a 1.00  1.00 0.99 0.99 0.99  0.99
a 25.00 25.00 25.00 24.99 25.01 24.99
as 251 2.50 2.18  2.90 1.85  3.30
ay 5.07 507 510 498 515 490
as 5.00 5.00 497 499 494 498

Table 5 Numerical results for the system
with quadratic damping (case 1)

Parameters ai a as ay

Initial values 0.7 22.5 0.5 35
Data points = 25

Identified (0%)* 1.00 25.00 0.50 5.00

Identified (10%) 0.99 25.04 0.51 5.04

Identified (20%) 0.97 25.09 0.53 5.08
Data points = 50

Identified (0%) 1.00 25.00 0.50 5.00

Identified (10%) 1.00 25.00 0.50 5.00

Identified (20%) 1.00 25.01 0.50 5.00

Data points = 335°

Identified (0%) 1.00 25.00 0.50 5.00

Identified (10%) 1.00 24.99 0.48 4.92

Identified (20%) 1.00 24.97 0.46 4.84

Exact values 1.00 25.00 0.50 5.0

4Noise levels in parentheses. Results from Normann and Kapania.*
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Table 6 Numerical results for the system Table 7 Numerical results
with quadratic damping (case 2) for the two-degree-of-freedom system
using one-step procedure and no noise
Parameters ay a as ay
Identified.
Initial values 0.7 22.5 1.5 3.5 . o . .
Data points = 50 Pk Initial 0% noise Exact
Identified (0%)* 1.00 25.00 2.50 5.00 caf 20.0 26.07 25.00
Identified (10%) 1.05 25.00 2.40 4.86 1 0.5 0.48 0.35
Identified (20%) 1.08 24.99 2.34 4.78 o 3.0 3.60 5.00
Data points = 100 o 0.2 2.32 0.50
Identified (0%) 1.00 25.00 2.50 5.00 [07) 0.15 1.54 0.25
Identified (10%) 1.00 24.97 249 5.00 oy 4.0 _0.96 3.00
Identified (20%) 0.99 24.94 2.52 5.04 caﬁ 14.0 18.38 17.00
Data points = 335° o 0.55 0.31 0.25
Identified (0%) 1.00 25.00 2.50 5.00 o 4.5 1.85 2.50
Identified (10%) 0.96 24.96 249 4.92 073 0.35 _4.08 0.75
Identified (20%) 0.94 24.92 249 4.84 [o7] 0.35 _3.95 0.20
Exact values 1.00 25.00 2.50 5.0 og 2.0 3.63 5.00
4Noise levels in parentheses. PResults from Normann and Kapania.*
and 50 data points were used; for case 2, 50 and 100 data points
were used. Also we used integrated Legendre polynomials as basis 050 ;
functions which gave a better conditioned system of equations. For N Identified response
case 1, the present approach using 50 points gives results that are T 00 e ey TUpted data
more accurate than those given by Normann and Kapania.* In case 2,
the results using 100 data points show good accuracy. Figures 3a and
3b present, respectively, the identified responses and the simulated
data corrupted with 10 and 20% noise, respectively, for case 2. 0.25
)
Two-Degree-of-Freedom System Having Cubic Nonlinearities 2
Consider a two-degree-of-freedom system having cubic non- §_
linearities
]
® a
uy :_wful_2,ulul_oqu?_o&ufuz_ogulug_oaug 0.00 \//\\\../’M\“““'
(41a)
.1:{2 = _(,(Jguz _2#21‘1{2 —_ aSMT — %u%uz — a7u1u§ —_ O@u;
(41b)
with initial conditions
-0.25
u(0) =15, u;(0)=00, uy(0)=_10, uy(0)=0.0 o 1 2 3 4 5
(42) Time(sec)
and the following values of system parameters: Fig. 3a Identified response of the system with linear and quadratic
damping using 10% simulated corrupted data (case 2).
wf = 25.0, My = 0.35, o =50
(43a)
o = 0.5, o = 0.25, oy = 3.0
@ =17.0, Ly = 0.25, o5 =25 0.50 :
_ _ _ (43b) A R Identified response
G = 0‘75’ o = 0‘2’ 0 = 5.0 ) M 20% simulated corrupted data
1 \.\- (100 data points)
This type of systems is associated with many physical systems such ;' 4
as the vibration of strings, beams, and plates. | ¥
o
o 0.25 -} :
One-Step Identification Procedure . [
The domain (0 < ¢ « 10) is divided into 100 elements of equal =) .
time steps. Legendre polynomials of the second degree are used § \
as basis functions for the TFM. For simplicity, initial velocities =3 H
have not been treated as unknown parameters. The parameters to [ ‘11 —
be identified are iwf Wi, Q4 O, O, O4, G, L, O, O, 04, O(g} The o« \ ,;l \ ., -
initial trial values of system parameters were chosen as 0.00 ; 7 Y, s g et T
‘T : /* \w«"
af = 20.0, 1 = 0.50, a = 3.0 v/
(442) Yt
o = 0.20, o = 0.15, oy =4.0 -
@ = 14.0, Mo = 0.55, o =45
=035 =035 =20 (440 "0-28
% = 9.5, % =029, O = 2 0 1 2 3 4 5
The results (Table 7) show that the method after 1000 iterations Time(sec)

did not converge to any values, the parameters for nonlinear terms
{oq, O, 08, O4, Cs, O, C4, O(g}were particularly unreasonable.

Fig. 3b Identified response of the system with linear and quadratic
damping using 20% simulated corrupted data (case 2).
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Table 8 Numerical results for the two-degree-of-freedom system using two-step procedure

Noise, %
Pk Initial 0 5 10 20 Exact
o 20.0 25.00(25.00% 25.00(24.58) 25.01(24.23) 25.01(23.72) 25.00
i 0.50 0.35(0.35) 0.35(0.34) 0.35(0.34) 0.35(0.35) 0.35
o 3.0 5.00(5.00) 5.24(5.97) 5.49(6.76) 6.01(7.77) 5.00
[03) 0.20 0.49(0.50) 0.86(1.72) 1.25(2.72) 2.04(4.07) 0.50
o3 0.15 0.25(0.25) 0.10(0.77) _0.07(1.23) _0.42(1.99) 0.25
oy 4.00 3.00(3.00) 2.85(2.92) 2.68(2.79) 2.35(2.44) 3.00
3 14.00 17.00(17.00) 17.00(17.11) 17.00(17.27) 16.99(17.75) 17.00
iz 0.55 0.25(0.25) 0.25(0.26) 0.25(0.26) 0.25(0.27) 0.25
o5 4.50 2.50(2.50) 2.53(2.73) 2.56(2.93) 2.64(3.21) 2.50
(03 0.35 0.75(0.75) 0.91(0.61) 1.10(0.34) 1.48(_0.56) 0.75
oy 0.35 0.20(0.20) 0.32(_0.30) 0.45(_0.91) 0.69(_2.40) 0.20
[0} 2.00 5.00(5.00) 4.95(4.75) 4.89(4.40) 4.76(3.46) 5.00

4Parentheses indicate results from Normann and Kapania* using 335 data points, unfiltered data, and the same initial guess values.

1.5
Identified response (u,)
. 20% simulated corrupted data
1.0 (100 data points)

¥

/\/\f\/\/\v,«
\‘/\/\\‘/v\_/

-1.0

Response (u,)
o o)
o o
tﬁ\_ﬁ_\—
S

-1.5
s} 2 4 6 8 10

Time(sec)

Fig.4a Identified response u; of two-degree-of-freedom system having
cubic nonlinearities using 20% simulated corrupted data.

Identified response (u,)
. 20% simulated corrupted data

[\ (100 data points)
0.5 3

A A
\/

W

Response (u,)
]
=]
\\-0\

-1.0
o] 2 4 6 8 10

Time(sec)

Fig.4b Identified response u; of two-degree-of-freedom system having
cubic nonlinearities using 20% simulated corrupted data.

Two-Step Identification Procedure

A two-step procedure was then adopted for the direct iterative
method. First, the parameters for the linear terms, &, 11, &%, s 3,
were identified, then those for the nonlinear terms. For linear terms,
the simulated data were generated using very small initial displace-
ments[u;(0) = 0.05, u»(0) = _0.03]. Becausetheoriginalsystem,
Eqgs. (41a)and (41b),behavesalmost linearly when subjectedto very
small initial conditions, identification was performed assuming the
system to be linear:

W = _fuy 2t u,(0) = 0.05, 11(0) = 0.0
(452)

Uy = _Ruy 24ty u>(0) = _0.03, 1,(0) = 0.0
(45b)

The simulated data, however, were obtained by integrating the ac-
tualnonlinearsystem. Next, the parameters for nonlinearterms were
identified by keeping the parameters correspondingto linear terms
«, W, &%, ,uz} as fixed. Identification was performed on the fol-
wing system:

U = —“i”l 2 —0‘174? _Olzufuz _Oéului _oaui
(46a)

.1:{2 = _(,(%uz _2#21‘1{2 —aSMT _%u%uz —a7u1u§ —O@u;
(46b)
u(0) = 1.5, u,1(0) = 0.0, u,(0) = _1.0, 1>(0) = 0.0
47)

Table 8 presents the numerical results of the identified system
using 100 points of the simulated data. The results using noise-free
simulateddataeasily convergedto the given valuesof system param-
eters. Also, results using data corrupted by 5, 10, and 20% random
noise show reasonably accurate values of system parameters. Fig-
ures 4a and 4b present, respectively, the identified responses for u,
and u, with the simulated data corrupted by 20% random noise.

Conclusions

The time-finite-element-basediterative direct method is found to
be very effective for the identification of parameters in the nonlin-
ear examples studied here. For the two-degree-of-freedomnonlinear
system, a two-step approach in which parameters correspondingto
linear and nonlinear terms are identified separately was necessary
for convergence. In comparison with the results of Normann and
Kapania, the proposed method uses fewer data points to obtain the
same accuracy. Moreover, by using a time finite element formula-
tion, not only the transient responses but also sensitivities of the
transient response are calculated easily (by performinga direct dif-
ferentiationof the resulting algebraic equations). Good results were
obtained for the presented examples. Based on the results presented
here, the proposed method appearsto be a good choice for perform-
ing parametric identification of nonlinear systems.
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